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Abstract 
We prove that the directed random walk satisfies the strong law of large numbers if and only 
if the environment has a finite mean. 
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Random walks in random environments have received much attention from math- 
ematical physicists as well as probabilists in recent years. Buffet and Hannigan (199 1) 
point out that directed random walks in random environments are mainly used as 
“models for the motion of electrons in crystals with impurities”. Buffet and Hannigan 
(1991) contains a survey of results and applications of random walks in random 
environments in mathematical physics. Rtvesz (1990) gives a recent summary of 
rigorous results on random walks. Let {X(t), 0 I t -=c m} denote the position of the 
integer-valued random walk at time t. Following Buffet and Hannigan (1991) we 
assume that the random walk X(f) is constrained to jump to the right only. We 
assume that X(t) is a pure birth process and P,,(f), the probability that at time t the 
random walk is in state II, satisfies 
PA(t)= -w,P"(t)+w"-,P,~,(t), 1 In< cx, (1) 
P;(t) = -wOPO(t), (2) 
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where w = {wi, 0 I i < a ] are independent, identically distributed non-negative 
random variables. We also assume that the process X(t) starts its random walk from 
state 0. 
Buffet and Hannigan (199 1) investigated the path properties of {X(t), 0 I t < zx ) 
and showed that under certain moment conditions 
PW 
i 
lim X(t)/t = (Ew;‘))’ = 1. 
f-T 1 
The proof is based on the properties of holding times. Let S(0) = 0 and S(n) denote the 
time of the nth jump of the random walk. The holding times are defined by 
Tj = S(j + 1) - S(j), 0 2 j < a. It is well known (cf. Feller (1966) Cinlar (1975) and 
Buffet and Hannigan (1991)) that {Tj, 0 ~j < ~1, 1 are conditionally independent, 
exponential r.v.‘s with parameters (wj, 0 I j < a3 }, i.e. we have 
P,{Tn,>xj,lIjIk}=exp - 1 W,,xj , 
( 1 <jsk 1 
(4) 
foralll<k< ccj andO<nl<nz<... < nk. It follows from the definition of the 
holding times that 
X(t) = max {n: S(n) I t}. (5) 
Since X(t) is the inverse of S(n), the properties of the partial sums can be used to get 
asymptotic properties of X(t). 
In this note we obtain the necessary and sufficient condition for (3). First we prove 
a preliminary result for S(n). 
Lemma 1. Lef 0 i v < 2. 
(i) We assume that Ew,’ < co.Letb=O,ifO<v<landb=Ew,‘,ifl<v<2. 
Then 
for almost all realizations of w. 
(ii) If there is a constant 0 I c < co such that 
p, 
i 
lim 
S(n) - nc 
nl/Y 
10 El 
n + K 1 
(7) 
for almost all realizations of’ w, then Ew;” < cc’. Also, c = Ew;‘, if 1 < v < 2. 
Proof. (i) The Marcinkiewicz-Zygmund law of large numbers (cf. Chow and Teicher 
(1988, p. 125)) implies 
C~$is~-ll/wi-nb+~ 
n”” 
a.s. (8) 
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Hence it suffices to show that 
n-l/v 
= ( Ti _ L --) 0 P,-a.s. O<i$n-I wi > (9) 
Since ET, = l/Wi and var Ti = l/w:, by Theorem 12 of Petrov (1975, p. 272) it is 
enough to prove that 
(10) 
Let 
Zi = l/Wi, 0 5 i < 03. 
The assumption Ewi’ = 7;; < cc yields 
(11) 
lim Tk/kl’” = 0 as., 
k-rm 
(12) 
and therefore 
,<;<, ~~{T,<k”‘j< a a.S. 
_ 
implies (10,. 1~ is easy to see that 
= c km2’” c E(&{(j - 1)“” < ~~ <jl:“}) 
IS!i<X IsJ<k 
= c 1 kp2” E(zil{(j - 1)“” < z0 5 j"'>) 
I<~<rjsk<x 
2 
--lx s2-v,<j<r. 
j’-2”E(~~J{(j _ 1)1/s’< z,, <j’/“J) 
_ 
Thus we have (13) which completes the proof of (6). 
(ii) If 
PW 
i 
,im S(n) - nc 
nl/l, =o =I, n+zz 1 
then Lemma 14 of Petrov (1975, p. 273) yields 
(13) 
(14) 
(15) c P,{IT,--cl >n”“) < cc 
01t1<7; 
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Using (4) we obtain that (15) holds if and only if 
c exp( -i”“Wi) < 00, 
OIi< 5 
which immediately implies 
(16) 
lim i’/’ wi= co. (17) 
i-u3 
Thus we showed that (14) yields (17) and since (14) holds for almost all realizations of 
w we get that 
lim ill’ wi = co as. (18) 
i’30 
Since {Wi, 0 I i < 00) are i.i.d. positive r.v.3, it follows from (18) that Ew,’ < co. If 
1 < v < 2, then the first part of Lemma 1 gives that c = Ew;‘. 0 
Next we prove two strong laws for X(t). First we prove an analogue of the 
Kolmogorov strong law of large numbers for X(t). 
Theorem 1. (i) If Ew;’ < cc, then 
P, 
i 
lim X(t)/t = (Ew,‘)-’ = 1 
*+cO 1 
,for almost all realizations of w. 
(ii) If there is a positive constant c such that 
(19) 
PW lim X(t)/t = c = 1 
1 
(20) 
fPlT 
for almost all realizations of w, then Ew,’ < co and c = Ew; ‘. 
Proof. Combining Lemma 1 of Buffet and Hannigan (1991) and Lemma 1 we get 
immediately Theorem 1. I7 
We note that Buffet and Hannigan (1991) proved that Ew; ’ -’ < cc for some E > 0 
implies (19). They also showed that lim,,, X(t)/t’ = c(j P,,,-a.s., if Ew;@+@ < cc for 
some 0 < E < 1 - a. The following result shows that X(t) cannot go to infinity too 
slowly. 
Theorem 2. Let 0 < v < 1. 
(i) If Ew;” < cc , then 
PW 
{ 
lim X(t)/tv = cx, = 1 
f-x, 
for almost all realizations of w. 
(ii) If (21) holds for almost all realizations of w, then Ew,“ < I~ 
(21) 
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Proof. Lemma 1 of Buffet and Hannigan (1991) and Lemma 1 imply Theorem 2. 0 
We also note that Buffet and Hannigan (1991) studied the weak convergence of 
X(t). Horvath and Shao (1995) contains the proof of the weak convergence of X(t) and 
the law of the iterated logarithm under necessary and sufficient conditions. 
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